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FIG. 1: The calculated phase diagram in T - plane in our
model. The Solid and dashed line denotes the critical line of
a rst and second order phase transition, respectively.
Given the phase diagram for the equilibrium state, we
now proceed to examine uctuations of the color Cooper
pairs in the normal phase at T > T
c
, We shall apply a
linear response theory to obtain possible collective states
and their strength functions. We suppose that the follow-































 ) + h.c..
Then a color Cooper-pair eld is dynamically induced,
as given by 

ind













where the bracket denotes a statistical average. Using the
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where Tr denotes the trace taken over the color, avor
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 )i
is the dynamical mass. Here, 

tot
(x;  ) = 

ex




(x;  ) is the total pair eld to induce the pair
eld: Notice the self-consistent nature of the prob-




) is the usual non-anomalous Matsub-
ara Green function. To see a linear response of the




) in Eq.(3) with
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). Inserting this expres-



















































































































































(E) = [exp((E  )) +
1]
 1
with  = T
 1
. The rst term in the brace on the




and its inverse process q ! 

tot
+ q. The second
and third term correspond to two-particle and two-anti-
particle creation by the uctuating pair eld and their in-
verse processes, respectively: 

tot




















into Eq.(4), we obtain the induced pair eld in the linear


























This is a central result in the present work, on which
the rest of discussions is based. The proportionality
constant in Eq.(6) converted in the real-time domain is
called the response function or retarded Green's function
D
R
(k; !), which is obtained by the analytic continuation
of D(k; !) to the upper half of the complex energy plane
as D
R
(k; !) = D(k; ! + i):
Setting M = 0, let us examine possible collective
modes above the color superconducting phase approach-
ing the critical point as shown by the arrow in Fig. 1.







owing to the self-consistency condition for the diquark
condensate at T = T
c
. This equality is the origin to lead
to the various precritical phenomena for CSC , as we will
see shortly.
The spectral function which is the measure of the ex-
citation strength of the uctuating pair eld is given by
(k; !) =  (1=)ImD
R
(k; !). The temperature depen-
dence of the spectral function at  = 400 MeV and zero
momentum transfer (k = 0) is given in Fig.2(a). One can
see a prominent peak moving toward the origin grows as
the temperature is lowered toward T
c
as indicated by the
arrow in Fig.1. In the experimental point of view, it may
be rather interesting that the peak survives at T even
well above T
c




 0:2. This means
that the precritical region of CSC is one to two order
larger in the unit of T
c
than that in electric supercon-
ductors. The result for  = 500 MeV case is shown in
Fig.2(b); one sees that although the growth of the peak

























FIG. 2: The spectral function for the pair eld at T > T
c




= 0:05,0:1,0:2 and 0:5 at  = 400MeV
(a) and  = 500MeV (b).
The existence of the peak with the narrow width sug-
gests an existence of a well-dened collective mode as
an elementary excitation in the Wigner phase. We shall
show that it is the case. The existence and the dis-
persion relation ! = !(k) of a collective excitation in
a isotropic system is examined by studying the possible





= 0 or 1 + G
D
Q(k; !) = 0. Here Q(k; !) is
the analytic continuation of Q(k; !
n
) to the upper half
plane. The existence of a pole ! = !(k) for given k
means that the pair eld 
ind
(k; !(k)) can be created




Eq.(6), which physically means that the system admits
spontaneous excitation of a collective mode with the dis-
persion relation ! = !(k). Since the energy of the col-
lective mode is expected to be the lowest at k = 0, let
us obtain !(0)  z by solving the following equation:
1+G
D
Q(0; z) = 0. One should notice that the gap equa-
tion Eq.(7) implies that z = 0 is a solution at T = T
c
, i.e.,
there exists a zero mode at the critical point. The singu-
lar behavior seen in the spectral function near the critical
point in Fig.2 is caused by the presence of the zero mode.
Conversely, one may take the emergence of the zero mode
as the critical condition for the color superconductivity.
This condition is actually long known in the condensed
matter physics and called Thouless criterion[12].
There is a complexity in solving z from the above equa-
tion: Notice that the pole should be located in the lower
half plane otherwise the system is unstable for the cre-
ation of the collective mode. Because of a cut along the
real z axis, the analytic continuation of Q(0; z) to the



































where P denotes the principal value and the term in the
second line is the additional term for z to be in the second
sheet.
A numerical calculation shows that there indeed exists
a pole in the lower half plane for T > T
c
. Fig.3 shows
how the pole moves as T is lowered toward T
c
for  = 400
and 500 MeV. One sees that the pole approaches the
origin along an almost straight line as T is lowered toward
T
c
. Such a mode whose energy tends to vanish as the
system approaches the critical point of a phase transition
is called a soft mode[1]. Therefore we have found the pole
for the soft mode for CSC in hot quark matter, which
manifests itself even well above the critical point. As far
as we know, this is the rst time when the identication
has been done of the softening pole in the complex energy
plane for the superconductivity including the condensed
matter physics[12]. The signicance of the existence of
such a soft mode at k = 0 lies in the fact that it causes a
long-range correlations for the color Cooper pairs in the
Wigner phase, which will leads to a singular behavior
of various observables such as the transport coeÆcients,
as will be discussed later. We remark that a possible
relevance of such a soft mode in hot and dense quark
matter was rst discussed in [13] in relation to the chiral
transition.
Another characteristic feature of the soft mode is that
the absolute value of the imaginary part !
i
of the pole
is larger than that of the real part !
r
for both . This
feature may have an important implication for an eec-
tive equation describing the dynamical phase transition
for CSC: The dynamical behavior of the order parameter
near T
c
is well described by a non-linear diusion equa-
tion which is known as the time-dependent Ginzburg-
Landau equation[14]. We however remark here that by
setting k = 0, the so called Landau damping due to the
particle-hole excitation is not incorporated in the present





larger for the larger . This is plausible because the
4larger the Fermi energy, the larger the density of states
near the Fermi surface, which implies that the volume of
the phase space for the decay of the pair eld increases
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FIG. 3: The pole positions of the precursory soft mode on the
second Riemann sheet for  = 400 MeV and 500MeV. The





It is interesting that the so called pseudogap in the
density of states observed in high-T
c
superconductors
(HTSC) as a characteristic precursory phenomenon[15]
might be attributed to uctuations of the Cooper
pairs[16], which we have seen also exists for CSC. Thus
one can expect that a pseudogap may exist in the density
of states of quarks in the Wigner phase of CSC. Thus,
the present results strongly suggests the existence of the
pseudogap phase for CSC phase in a rather broad re-
gion of T above T
c
. To establish the pseudogap phase,
one must calculate the level density from the single par-
ticle Green's function[16], which we hope to report in
a future publication. Experimentally, a measurement of
the single-particle quark propagator is useful for obtain-
ing the information on the density of states for the sin-
gle quark states, as was done for HTSC by a kind of
the quasi-elastic scattering by photon, called the angle-
resolved photo-emission spectroscopy (ARPES)[15]. A
close examination of the quark jets from the heavy-ion
collisions might possibly give some information on the
correlations leading to CSC.
The uctuation of the pair eld in metals above T
c
aects several transport coeÆcients like the electric con-
ductivity (EC), the phonon absorption coeÆcient and the
specic heat[17]. An anomalous excess of the EC above
T
c
is known as paraconductivity (PC)[17]. The direct
analogy thus leads to an expectation of the enhancement
of color conductivity above T
c
in our case, which we call
color-paraconductivity (CPC): In fact, the PC for the
metal superconductivity comes from the fact that the ef-
fective dynamics is given by the TDGL giving rise to a
zero mode with the momentum k = 0 at T = T
c
[17],
which is just the behavior extracted from the behavior of
our soft mode as shown in Fig.3.
More interesting is that the electric current can also
have an anomalous enhancement in the Wigner phase
due to the color pair-eld uctuations: This is because
photons in the Wigner phase at T > T
c
have a self-
energy coming from the uctuating pair-eld as in the
usual superconductor[17].
In this Letter, we have explored possible precursory
phenomena for the color superconductivity in quark mat-
ter at T 6= 0. We have shown that the uctuating pair
eld exists with a prominent strength even well above T
c
.
We have also discussed the possible relevance of the uc-
tuations to heavy ion collisions using an analogy with
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